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Abstract

The cooperative binding of monomeric ligands to a long lattice of a linear polymer with complete or partial steric
hindrance is treated using a matrix method. Results and typical calculations of the model are represented. Non-
saturated cooperative binding as well as two-stefphasio binding isotherms can be interpreted by the steric
hindrance model. This is applicable to the analysis of the binding of surfactants to polymer. The usefulness and the
limitation also are discussed.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction The binding of small molecules by a polymeric
molecule containing a large number of binding
sites is normally described by a binding isotherm,
where the number of bound molecules is plotted
as a function of the equilibrium concentration of
unbound (free) small molecules. Of particular
interest is the case where this binding isotherm is
cooperative, i.e. where the presence of an occupied
binding site on the polymer favors binding of a
small molecule to a neighboring, unoccupied site.
Such situations may be found for instance in the
binding of surfactants to linear polymer and in the
non-specific ligand binding to the polymeric pro-

The description of the binding process of small
molecules or ions to a linear array of binding sites
is of long standing interest in biophysics and in
colloid and polymer science. In these applications,
the linear array is a polymer, natural or synthetic,
with equivalent binding sites spaced at short reg-
ular distances along the length of the polymer. The
ligand may be a small molecule, but also a larger
molecule.
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formation in nucleic acid$7]. The typical results
surfactant molecules will show that our model of non-matching sizes
of binding site and ligand leads to asymmetric
binding isotherms closely following the isotherms
observed in experimental studi¢8—14. By the
model, we can consider a few types of the inter-
actions between the ligands on the polymer lattice.

aliphatic chain

> (> (> (>
head group

binding sites

linear polymer

2. Theory
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Fig. 1. Schematic representation of the binding of surfactant 2 J The binding model

molecules to the linear polymer lattice with steric hindrance.

The head group of the surfactant is slightly larger than the

distance between binding sites on the polymer. Attractive inter- ~ We consider a linear lattice consisting of regu-

actions, indicated by arrows between aliphatic chains cause the |arly spaced equivalent binding sites of large num-
e o ne o e e of - brN. The disancor spacing between adjoining
ing state is added for eacr?sur’factant molecule. ’ blndlng sites Is ConS|der,ed to be _Sma”er to a
certain degree than the size of the ligands. When
a certain numbeftm) of consecutive binding sites
procedure to describe the binding isotherms of are occupied with ligands in the cooperative man-
cationic dyes to anionic polypeptidés—3. Theo-  ner, it happens that one neighboring binding site
retical approach progressed for the analysis of the is completely or partially blocked due to the steric
oligomer—polymer association@g]. McGhee and  crowding effect of bound ligands.
von Hippel introduced the complication of ligands ~ There are at least three parameters involved in
which are considerably larger than the linear dis- this binding model with complete steric hindrance:
tance between two binding sites, leading to what the maximum number of binding sites occupied
they call binding site ‘overlap’[5]. Satake and  constructivelys; the statistical weight of an occu-
Yang were the first to apply a methodology similar pied state of the binding site relative to the
to the one by Schwarz to the binding of surfactants unoccupied stateys; the relative statistical weight
by synthetic polymer$6]. of an occupied state next to the occupied site,
Although these past treatments have covered thewhere o is called the cooperative parameter. At
case of overlap where a binding ligand occupied this point a simple case of steric hindrance can be
two or more discrete binding sites, actual situations introduced. If we assume that a relative weak
will be more complex at the microscopic level. nearest-neighbor interaction exists between bound
For the case of a linear array of binding sites, in ligands separated from each other by an unoccu-
particular, it is likely that the ligand will not pied binding site, and introducing the parameter
occupy or block exactly one, two, or more sites, B, o <B<1, the relative statistical weight of an
but a non-integer number of sites. If the ligand occupied state next to an excluded site after con-
size is slightly larger than the linear distance secutive (>m) binding sites is defined ags.
between neighboring sites, the next site can still WhenB=1, there is full nearest-neighbor interac-
be occupied, but after a certain number of consec- tion between the ligands across an unoccupied site.
utively occupied sites the next binding site is When 8= o, there is no nearest-neighbor interac-
completely or partially ‘blocked’. Thus, the next tion across an unoccupied site.
site must be remained unoccupied, or its binding In addition, in order to consider incomplete
ability must be weakened. steric hindrance, we introduce a parametgr
The statistical treatment of these cases is pre-0<y<1, to describe this effect. The relative sta-
sented in this paper. Similar approach with matrix tistical weight of an occupied state of tpartial-
method had been developed for treating the loop- ly) excluded binding site is defined as. When
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v=0, there is complete steric hindrance. When wheres is the statistical weight of occupied site

v=1, there is no steric hindrance. when the preceding binding site is already occu-
Fig. 1 schematically represents this model in the pied by a ligand. Ands is defined as:

case ofm=3 with partial steric hindrance for

surfactant molecules bound to a linear polymer K

lattice. =, G 5

2.2. Procedure for obtaining the saturation

function whereK is intrinsic binding constanty is coop-

erative parameter, andC; is free ligand
In general, for a chain a¥ equivalent units, the ~ concentration. _ _

partition function, Z, is written as a product of .Usmg Eq.(4), we finally have the expression

matrices. For the problem that we are considering @S-

here, the partition function is expressed as:

= = . 01 6
Z=trw) (1) N alns ~ n as 6)

whereW,, is the (m+2) X (m+2) matrix of sta- ) o

tistical weights andn is the maximum number of 1 n€ fractions of the binding state,,, v, and v,,
constructively occupied sites in the presence of the Of Which the statistical weights of binding ave,
excluded effect due to the steric hindrance of Bs andys, respectively, are evaluated similarly, as:
bound ligands on neighboring sites. Here, the chain

is assumed to make a circle. The partition function | _ 0 9A\s (7)

in Eq. (1) is expressed with the eigenvalues of the ° A, do
matrix W,, under the periodic boundary condition,
as follows; N

T ®
Z=NY NN NN (2 1
where A4, A, etc., andj,, ., are the eigenvalues Y 0N ©)
of the matrixW,,. If the chain has open ends, end "+~ A1 9y

effect must be incorporated. In either case, for the

long chain whereV is considered large enough to | the cases of>2, the remaining fraction,, of

eliminate boundary effectsz is given in good \yhich statistical weight is, is calculated as:
approximation by the maximum eigenvalug,,

as, v,=0—(v,+tvgtv,) (10)

Z=\Y 3

The eigenvalues ofV,, are obtained by solving 2.3. The partition function for large ligand binding

the characteristic equation. An alternative method 0 linear binding site lattice

to obtain the secular equation also was known ) _ )
[15]. The simplest case of this problem is that a

The partition function can be used directly to 19and binds with excluding one site, that is, the
compute the fractiong, of sites occupied by a Maximum number of consecutive occupied sites,

ligand, i.e. m, is limited to 1. Three sites in total must be
correlated in this case. We derive the partition

1 9InZ function for this case and then show how it can
N alns (4) be generalized for any exclusion effect and for

any number of correlated sites.
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Let ‘s’ be the bound state for thieth site and Each fraction of binding state is given as:
‘0’ the unbound state. If sité is in the s state,

then sitei+ 1 is (partially) blocked. The statistical B os (14)
weight of the binding to the site igs. If site i—1 Vo= (1+ys)\3—2(y—B)s\,—3(B—o)s
is in the s state and sitds in the u state, a ligand
can bind to the next site+ 1 with relatively weak B(sh1—)
interaction to the ligand bound at site1 (Bs). If vp= Y Y (15
site i—1 andi are both in the u state, the binding (IF YN =20y =B)sha=3(B ~0)s
to sitei+ 1 is suppressed in the cooperative manner Y(sA2—s5\y)
(o). The statistical weight matrix of the present ., _ r o (16)
model is given as (1+ys)\—2(y—B)sh1—3(B—0)s
i+1]s u s u The weight matrix in Egs(11a and (11b) is
-1 i s s u u readily generalized to any value ef>2. The
matrices and characteristic equations#ot 2 and
s s |y 1 00 (11a) 3 are shown as follows, respectively:
s u |0 0 Bs 1 ) )
u s |y 1 0 0 00 Bs 1
u |0 0 os 1
1 v O 0
i+1ju s u W= 17
i-1 I |s sUu u 0 s 0 1
s u |0 Bs 1, (11b)
suu s 1 o) 0 0 O os 1)
u u {0 os 1

AN —=(1+ys)\3+(y— o)s\?
+(yo—B)s®A+(B—0)s*=0 (18)

where U represents a combination of states. The

eigenvalues of this matrixVV, are obtained by 0 0 0 Bs 1]

solving the following characteristic equation:

N3—(1+ys)\>+(y—B)sh+(B—o)s=0 (12)

The fraction of occupied sites is given as: We=0 s 0 0 1 (19
s N s YN = (Y—B)A1—(B—0) 0 O s 0 1
T s A 3NE—2(1+ys)h g+ (Y—B)s
77\%_(7_3)7\1_(3_0) 0 O 0 os 1)

=S
1+ vs)AN2—=2(y—B)s\1—3(B—
(s B 3E e 13 M-Iy (y—o)s\+o(y—1)sA?

+('YO'—B)S3)\+(B—G)S3=O (20)
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By induction on these cases, the generalized matrix addition, the fractions of binding statesg, vg, v,

for arbitrarym can be written as: and v,, are calculated using Eq§7)—(10), simi-
larly to Egs.(14)—(16).
0 0 0 0 - 0 Bs 1 As the ligand concentration becomes large,
also becomes large so that from Ed&2) and
(23):
1 v 0 O 0O 0 O
. A
im, .. %)= (24)
N
0s 0 O - 00 1
lim,,..0=1 (25)
00 s 0 - 00 1 when y#0. If the steric hindrance effect is com-
lete (y=0), then the relations
W, - p P00
. A
I|msﬁm[sm/"::+1]=81/m+l (26)
o o0 oo - 00 1 m
lim,_, .0=—-— 27
) m+1 @n
oo 00 - s 0 1 are obtained.
When m= o, which means there is no steric
hindrance effect at all, the characteristic equation
0o 0 00 - 0 os 1 and the fraction of occupied sites converge into:
The eigenvalues of,, are obtained by solving A°—(1+s)\+(1—0)s=0 (28
the following characteristic equation:
A—1 1 1—s
N2 (14 ys)\" 4 (y— )\ 9=7=—[1—— (29
: , 2N —(1+ 2 /(1 — ¢)\2
+()'(’y—1)[52)\”171+°‘°+Sl)\mil+l+"' 1 ( S) \,(1 S) +40s

+5" "IN+ (yo —B)s"N+(B—0o)s"=0 (22
g A+ (o =p)s (B=o)s (22 respectively. These are exactly the same expres-

sions as for the usual case of cooperative binding,
independent of8 and y [1]. The same expressions
are also obtained from Eqg$22) and (23), with

Differentiating Eq. (22) with respect tos, we
obtain, after some algebraic manipulations:

et vy=1andB=o.
Vf‘zls)\,,,_,(f’jL_ffK‘;%"s,_,ﬁ’)(\Z:ﬂjL e 1m-n] In the numerical calculations, the polynomials
,m(lw _ B)Sm_l)\ljm(s _ U)Sm_(l ) with higher order are solved by a three-stage
0=s algorithm [16].
(1+ysNF =2y — o)Ay —o(y—1)
{ [Bs2Ng 2o (i DNy~ s N } 3. Results and discussion
—(m+1)(yo—B)s"Ny—(m+2)(B—o)s™

(23) 3.1. Isotherms for various numbers of consecutive
binding sites, m, with complete steric hindrance
This is the general binding equation, which could
be used to calculate the fraction of occupied sites  First, in the case of complete steric hindrance
as a function of free ligand concentration. In (y=0), the binding isotherms were calculated at
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Fig. 2. The binding isothermdog s vs. 6) of variousm in the Fig. 3. The isotherms of various values mffor the casey=
casey=0, B=0=0.01.m=1-10 and infinity, from bottom to 0, B=1, 0=0.01.m=1-10 and infinity from bottom to top.
top. Curve form= o is given by Eq.(29). Curve form= o« is given by Eq.(29).
3.2. Binding with partial steric hindrance
fixed o by varying the numbenn. Non-saturated A ‘two-step’ binding isotherm can be represent-
cooperative binding can be interpreted by this ed by this model, when the steric hindrance effect
model. is incomplete(0< y<1).

In Fig. 2, the isotherms for various valuesmaf In Fig. 5, the dependence of the isotherm pn
are represented by=oc=0.01. The interaction is represented form=2 and §=0=0.01. With
between ligands is discontinued by the excluded increasingy, the binding of the second step is
site in these cases. As seen in the figure, there isstrengthened. For values of larger thano the
no apparent cooperativity of binding process, when cooperativity of the first step also increases. Fur-
m=1. With increasing m, the cooperativity thermore, When' thg valueg is sufficiently larger .
increases, leading to the shift of the midpoint of thanp, the binding isotherm appears monophasic,
the binding,s at 6=m/2(m+1), toward the left
(i.e. to lower ligand concentration 08 [T

Fig. 3 shows the isotherms for various values E
of m with B=1. In this case, the cooperativity
could continue even across the excluded site, 1
which is determined bys. The midpoint of the 05 [
binding isotherm does not shift appreciably, being « o4 F
placed at approximately=1 (log s=0). There- .
fore, the binding isotherm shows a sharp rise

followed by flat line of which the level is deter- 02 & E
mined bym. o1 © E

Fig. 4 shows the dependence of the isotherm for E . R
m=2 on the parametgs at fixed o (=0.01) with -1 0 1 2 3 4

complete steric hindrandey=0). With increasing logs

B (from ’8.= 0'_'[0 D, the_co_ope_ratlwty m_crea_ses Fig. 4. The dependence of the isotherm@for the casen=
and the midpoint of the binding isotherm is shifted 5", _0 +=0.01.8=1, 0.3, 0.1, 0.03 and 0.0, from left to
to lower concentration. right.
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Fig. 5. The dependence of the binding isothermyofor m=
2, 0=£=0.01.y=0.3, 0.1, 0.03, 0.01 and 0.003, from top to
bottom.

and the inflection point shifts to lower values of
s. Fig. 6 shows the dependence enfor m=2,
B=0.1 ando=0.01. Also in this case, the binding
cooperativity of the first step slightly increases
with increasingy. Scatchard plots of the data in
Fig. 6 are shown in Fig. 7, in the case tHatis
given as 1000. Extensive cooperativity is repre-
sented in the range df<m/m+1. The valuem
must be assumed only in the lowcase using the
plot of single experimental data set. In Fig. 8, the
change of each fraction of binding state with
from the data in Fig. 6 is represented &&0.1.

I
08
[
06 -
04 -

02 [~

PR S T O SO S S M S S

-1 0 1 2 3 4 5
logs

Fig. 6. The dependence of the isotherm prior m=2, o=
0.01,3=0.1. y=0.3, 0.1, 0.03, 0.01 and 0.003, from top to
bottom.
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Fig. 7. Scatchard plot of data in Fig. 6 whéfi=1000. The
free ligand concentratiod; is obtained by the relatiod; =
os/K. A point of 6=m/(m+1)=2/3 is indicated by an arrow
in the abscissa.

With increasings, the fractionsys and v increase
abruptly with the first binding step o, and then
decrease gradually, while the fractian, disap-
pears very quickly after appearing in earlier stage
of the binding. When the second binding step
appears, the fraction of weak binding,, becomes
dominant due to the molecular crowding effect.
Finally, the fraction», becomes unity with satu-
ration of binding.

4. Concluding remarks

The problem of the cooperative binding of
monomeric(large) ligands to a long one-dimen-

02 —

RTINS

logs

Fig. 8. Fraction change of binding statgummation plox from
Fig. 6 aty=0.1. 0 is expressed as the sum of four fractions.
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sional lattice of polymer withpartial) steric hin-
drance is solved using the matrix method. The
present model and its formulation must be appli-
cable to the analysis of various experimental stud-
ies, for example, analysis of the ligand binding to
the filamentous (polymeric) protein. Another
applicability is in the binding of surfactants to
polymer molecule as represented in Fig. 1. Non-
saturated binding and two-step binding isotherms
are often observed in this type of systdf+14.

These phenomena can be interpreted by the present

model.

There are obvious limitations to the model
presented in this paper. First, the polymer may
undergo conformational change upon binding of
small molecules, which is not considered here. As
another point, in the case of ionic surfactant
binding to a linear polyelectrolyte, the considera-
tion of the long-range electrostatic force may be
necessary. Counterion condensation should be tak-
en into account, when the charge density of the
polyion is higher than a critical value. Even in
these cases, however, steric hindrance will influ-
ence the binding state. Fitting experimental binding
isotherms on the basis of the present model must
be useful in characterizing the binding properties.
In particular, we have shown that the commonly
observed ‘two-step’ binding isotherm for surfac-
tants binding to linear polymers would appear in
the presence of a steric hindrance effect even if
different binding sites are absent. Further studies
are required in order to analyze the many available
experimental data with this model. A trial of data
fitting is now in preparation.

Acknowledgments

The calculations in this study were carried out
using the workstation in the information processing
center of the Hamamatsu University School of
Medicine.

References

[1] G. Schwarz, Cooperative binding to linear biopolymers
1. Fundamental static and dynamic properties, Eur. J.
Biochem. 12(1970) 442-453.

T. Nishio et al. / Biophysical Chemistry 104 (2003) 501-508

[2] G. Schwarz, S. Klose, W. Balthasar, Cooperative binding
to linear biopolymers 2. Thermodynamic analysis of the
proflavine-polyI-glutamic acid system, Eur. J. Bioch-
em. 12(1970 454-460.
G. Schwarz, W. Balthasar, Cooperative binding to linear
biopolymers 3. Thermodynamic and kinetic analysis of
the acridine orange-palirglutamic acid system, Eur.
J. Biochem. 121970 461-467.
M.W. Springgate, D. Poland, Cooperative and thermo-
dynamic parameters for oligoinosinate-polycytidylate
complexes, Biopolymers 1€1973 2241-2260.
J.D. McGhee, P.H. von Hippel, Theoretical aspects of
DNA-protein interactions: co-operative and non-co-
operative binding of large ligands to a one-dimensional
homogeneous lattice, J. Mol. Biol. 88974 469-489.
|. Satake, J.T. Yang, Interaction of sodium decyl sulfate
with poly(l-ornithine) and polyl-lysine) in aqueous
solution, Biopolymers 1%1976) 2263-2275.
[7] D. Poland, H.A. Scheraga, Theory of Helix-Coil Tran-
sitions in Biopolymers, Academic Press, New York,
1970.
K. Hayakawa, J.C.T. Kwak, Surfactant-polyelectrolyte
interactions. 1. Binding of dodecyltrimethylammonium
ions by sodium dextran sulfate and sodium
poly(styrenesulfonafein aqueous solution in the pres-
ence of sodium chloride, J. Phys. Chem. @82
3866-3870.
K. Hayakawa, J.C.T. Kwak, Surfactant-polyelectrolyte
interactions. 2. Effect of multivalent counterions on the
binding of dodecyltrimethylammonium ions by sodium
dextran sulfate and sodium pé$tyrenesulfonade in
aqueous solution, J. Phys. Chem. @B83 506-509.
K. Hayakawa, J.P. Santerre, J.C.T. Kwak, The binding
of cationic surfactants by DNA, Biophys. Chem. 17
(1983 175-181.
A. Malovikova, K. Hayakawa, J.C.T. Kwak, Surfactant-
polyelectrolyte interactions. 4. Surfactant chain length
dependence of the binding of alkylpyridinium cations
to dextran sulfate, J. Phys. Chem.@®84) 1930-1933.
T. Shimizu, M. Seki, J.C.T. Kwak, The binding of
cationic surfactants by hydrophobic alternating copoly-
mers of maleic acid, Colloids Surfaces 20986
289-301.
T. Shimizu, J.C.T. Kwak, The binding of cationic
surfactants by hydrophobic alternating copolymers of
maleic acid-charge density dependence, Colloids Surf.
A 82 (1994 163-171.
T. Shimizu, The binding of cationic surfactants by
various polycarboxylic acids, Colloids Surf. A 94
(1995 115-123.
[15] S. Lifson, Partition functions of linear-chain molecules,
J. Chem. Phys. 401964 3705-3710.
[16] M.A. Jenkins, J.F. Traub, A three-stage algorithm for
real polynomials using quadratic iteration, SIAM J.
Numer. Anal. 7(1970 545-566.

(3]

(5]

(6]

(8]

(10

(11

[12]

(13

(14]



	The cooperative binding of large ligands to a one-dimensional lattice: the steric hindrance effect
	Introduction
	Theory
	The binding model
	Procedure for obtaining the saturation function
	The partition function for large ligand binding to linear binding site lattice

	Results and discussion
	Isotherms for various numbers of consecutive binding sites, m, with complete steric hindrance
	Binding with partial steric hindrance

	Concluding remarks
	Acknowledgements
	References


